We calculate the spin susceptibility at and below T c for a d 
I. INTRODUCTION
Recent magnetic neutron scattering experiments on La 1.86 Sr 0.14 CuO 4 by Mason and coworkers 1 show an isotropic but incomplete suppression of the scattering intensity below T c for small energy transfers and momentum transfers near the (π, π) point of the Brillouin zone. In the normal state, the magnetic neutron scattering intensity, as a function of momentum, exhibits four peaks displaced slightly along the edges of the Brillouin zone away from the (π, π) point at the corner of the zone, as shown in Fig. 1 . The experimental results
show a suppression of these peaks, compared to their magnitude at T c , of about 60% at a temperature of 0.13T c .
For an isotropic s-wave superconductor we would expect an isotropic suppression of this scattering intensity as the temperature drops below T c . But for a clean s-wave state at low temperatures the intensity should die away exponentially with temperature. The moderate suppression shown by experiment suggests that if s-wave superconductivity is present, it is gapless and isotropic.
Alternatively, a superconductor with d x 2 −y 2 symmetry is always gapless, so an incomplete suppression of the scattering intensity is to be expected. However, for a clean d-wave superconductor it is expected that this suppression will not be isotropic. Lu 2 and Zha and co-workers 3 have pointed out that in the superconducting state the four normal state peaks should be suppressed, leaving only the response due to particle-hole excitations associated with the nodes. This response is displaced slightly away from (π, π) along the zone diagonals, giving a low temperature structure which appears to have undergone a 45 degree rotation about (π, π). The failure to observe this rotation has raised questions regarding whether a d x 2 −y 2 description of the superconducting state of La 2−x Sr x CuO 4 is viable. Now, for d x 2 −y 2 pairing it is known that resonant impurity scattering leads to important effects for both the penetration depth 4 and the NMR response. 5 In addition, the effects of the Coulomb enhanced spin fluctuations are believed to play an essential role in the cuprates.
As previously discussed, 6,7 when the effects of Coulomb correlations on the magnetic neutron scattering are included within the RPA approximation, the d x 2 −y 2 results can be brought into closer agreement with the experimental observations.
Here we investigate both of these effects by calculating the neutron scattering for a model of a dirty d x 2 −y 2 -wave superconductor with strong Coulomb correlations. Specifically, we consider a Hubbard model on a two-dimensional square lattice with a near-neighbor hopping t and an on-site Coulomb interaction U. To this we add impurity scattering in the form of a dilute random array of zero-range scattering potentials V .
The magnetic neutron scattering intensity is given by a structure factor S(q, ω) = [n(ω)+ 1]χ ′′ (q, ω), which is proportional to the imaginary part of the spin susceptibility χ(q, ω). We calculate χ(q, ω) in two stages. First, in Sec. II, we examine the effects of the impurities on χ(q, ω), including self-energy as well as vertex corrections. Then, in Sec. III, the strong spin susceptibility enhancement effects of the Coulomb interaction are included within an RPA-type approximation. Section IV contains our conclusions.
Before beginning, it is useful to review the behavior expected for a system described by a two-dimensional tight-binding band which undergoes a transition from a normal state to a d x 2 −y 2 BCS superconducting state in the absence of impurity scattering and strong Coulomb correlations. As discussed in Littlewood et al., 8 the four normal state peaks shown in Fig. 1 arise due to a combination of the weak requirements for favorable nesting in two dimensions combined with umklapp scattering processes. As a d-wave gaps opens up below T c the thermally available scattering states are restricted to those near the nodes of the d-wave gap function and these peaks are suppressed. The favorable low-energy momentum transfers are then restricted to those which represent node-to-node scattering, and the corresponding wavevectors lie along the zone diagonal directions. Thus at low temperatures and energies well below 2∆(0), peaks in the neutron scattering should be observed to lie along the zone diagonals.
2,3
Here we find that impurity scattering and Coulomb correlations both act to keep the scattering intensity peaks at their normal state positions along the Brillouin zone edge.
For reasonable parameters, the amount of suppression of the scattering intensity in the dirty-d x 2 −y 2 superconducting state compared to the normal state is consistent with the experimental observations both at the zone edge and along the diagonal. However, the predicted peak widths in the superconducting state are narrower than those in the normal state, a narrowing which has not been observed experimentally.
II. IMPURITY SCATTERING EFFECTS
In this section we examine the effect of impurities on the spin susceptibility of a BCS d x 2 −y 2 state. We begin by including the self-energy effects and then consider the impurity vertex corrections.
A. Self-energy corrections
Neglecting the vertex corrections, the spin susceptibility in the superconducting state is given by the particle-hole bubble diagrams shown in Fig. 2 . The bare vertex representing magnetic neutron scattering is understood to connect only electrons of opposite spin. Evaluating this diagram, continuing to real frequencies, and taking the imaginary part, we obtain the following formula for χ ′′ (q, ω):
A N (p, ω) and A A (p, ω) are the spectral weights of the normal and anomalous electron propagators, respectively:
where
and
The tilde symbol indicates inclusion of the impurity scattering self-energy corrections:
Here we are using ε p = −2t(cos p x + cos p y ) − µ and ∆ p = a∆(T ) (cos p x − cos p y ). The parameter a is chosen such that the maximum value of the gap on the Fermi surface is ∆(T ).
The effect of impurity scattering may now be included by allowing the electron self energy to include multiple scattering from the potentials V . Figure 3 shows these scattering processes for the dilute or non-crossing limit. Electrons are allowed to scatter multiply from an impurity to allow for arbitrarily strong scattering strengths. In the dilute limit, however, the electrons are assumed to interact with only one impurity at a time so the impurity interaction lines may not cross. The self energy within this approximation is given by where
Here Γ N = n i /[πN(0)], c = cot δ 0 , and
where n i is the impurity concentration, N(0) is the normal phase density of states, and δ 0 is the scattering phase shift. 10 The self-energy correction to the gap function Σ 1 vanishes for a d-wave gap, and in the unitary limit, c = 0, only the Σ 0 contribution remains.
We can get an idea of the behavior of the electron self energy due to impurity scattering by looking at the quasiparticle decay rate 1/τ imp (ω) implied by the self energy: Figure 4 shows 1/τ imp (ω) at T = 0.1T c for n i = 1%, n i = 0.3%, and n i = 0.1% in the resonant or unitary limit, c = 0. Here Σ 0 (ω) has been evaluated for a filling slightly below half filling < n >= 0.85 and a low temperature gap magnitude given by ∆(0) = 3T c , where
T c = 0.05t, parameters which are also used in the calculations that follow.
The unitary limit is of some interest in these systems as it has been invoked to explain the T 2 temperature dependence of the magnetic penetration depth seen in the thin film cuprate superconductors. 4 In general, unitary limit scattering leads to the largest low frequency quasiparticle decay rate for a given impurity concentration. For very large quasiparticle decay rates, 1/τ imp (ω) ∼ ∆(T ), we might expect the impurity scattering will lead to a suppression of the superconducting gap itself, possibly leading to a reentrant behavior of the superconducting state. In the calculations which follow we use n i = 1% with c = 0, a choice of parameters such that 1/τ imp (ω) is always smaller than ∆(0). previous studies, 6 we use a one-band near-neighbor form for ε p .
In In the superconducting state the inelastic scattering due to spin fluctuations is suppressed by the opening of a superconducting gap. Thus impurity scattering effects will dominate at low temperatures and frequencies. Accordingly, the dirty superconducting state calculation incorporates an impurity scattering self energy calculated as shown in Eq. (5). Figure 5 shows the results for an impurity concentration n imp = 1% with a scattering strength in the unitary limit, c = 0.
As may be seen in Fig. 5 , for the pure case calculation the zone edge peaks which occur in the normal state are greatly suppressed in the superconducting state and a peak in χ ′′ (q, ω)
occurs instead along the zone diagonal. Inclusion of impurity scattering self-energy effects, however, works to restore the zone edge peaks while the zone diagonal peak is washed out.
A lack of thermally available scattering states leads to the suppression of the zone edge peaks for the clean superconductor. In the dirty system, impurity scattering broadens the quasiparticle resonances in the electron propagators allowing access to otherwise thermally restricted scattering states and acting to restore the zone edge peaks which arise due to scattering between such states.
B. Vertex corrections
The above electron self energy includes all possible non-crossing impurity scattering contributions to the electron self energy. In order to include all possible non-crossing impurity scattering contributions to the spin susceptibility, we must also include vertex corrections due to impurity scattering. That is, we must include all processes where the electron and hole are allowed to scatter multiply from the same impurity. The form of these vertex corrections is shown in Fig. 6 . The vertex corrected susceptibility bubble χ(q, iω m ) is given by a particle-hole bubble M(q, iω m , iω n ) with a simple vertex at one end and a dressed vertex 6 . Diagrammatic representation of the vertex corrections to the spin susceptibility in the normal state due to impurity scattering in the non-crossing or dilute limit.
Λ(q, iω m , iω n ) at the other end. In the normal state this may be written as
The dressed vertex is given by the sum of a series of ladder diagrams where impurity scattering lines [represented by Γ(iω m , iω n )] are allowed to connect the particle and hole lines:
Equations (9) and (11) are easily rearranged to yield
Since the impurity scattering lines include any number of multiple scattering events, they are given simply by a product of two of the t-matrices used in the self energy calculation:
Since we are considering only the unitary scattering limit, i.e. c = 0, the T 3 component of the scattering t-matrix vanishes. Thus Γ(iω m , iω n ) contains contributions from T 0 only.
A complication which arises in the superconducting state is that the dressed vertex cannot be represented as a simple scalar function. Since the electron and hole propagators must be represented by both normal and anomalous propagators to account for electrons scattering into and out of the superconducting condensate, the dressed vertex is represented by a four component vector which accounts for all possible combinations of electron and hole lines going into and out of the vertex, as shown in Fig. 7 . The equations for the vertex corrected spin susceptibility
p + q,
Components of the dressed vertex in the superconducting state.
and for the dressed vertex
then become matrix equations where the vertices are 4-component vectors (overscored symbols) and the particle-hole bubbles are represented by 4x4 matrices (underscored symbols).
Equation (15) represents four separate equations, one for each component of Λ(q, iω m , iω n ).
The diagrammatic representation of the first of these is shown in Fig. 8 . The diagrammatic representations for the other three components are similar. The diagrams corresponding to the components of the matrix M (q, iω m , iω n ) are shown schematically in Fig. 9 . Explicitly, the components of M (q, iω m , iω n ), which is symmetric, are
Just as for the normal state, Eqs. (14) and (15) may be rearranged, yielding
As mentioned previously, the vertex representing magnetic neutron scattering connects only electrons of opposite spin. Thus to recover the quantity corresponding to the spin susceptibility measured by magnetic neutron scattering we must now add the components of χ(q, iω m ) which correspond to diagrams which begin and end with opposite spin electron lines: To avoid double counting, χ 14 (q, iω m ) and χ 44 (q, iω m ) are not included. Figure 10 shows χ ′′ (q, ω) calculated with and without impurity vertex corrections. Here χ(q, iω m ) has been calculated for imaginary frequencies. The real frequency results were then obtained by analytic continuation using Padé approximants. 11 In the normal state the vertex corrections do not have a dramatic effect on the zone edge peak structures. There is a noticeable decrease in χ ′′ (q, ω) along the zone diagonal. In the superconducting state the impurity vertex corrections lead to a further enhancement of the peaks at the zone edge positions. These peaks are now comparable in size to those in the normal state.
III. COULOMB INTERACTION EFFECTS
In addition to impurity scattering, it is important to take into account the effects of the spin correlations produced by the Coulomb interaction. These have been shown to play an essential role in calculations of both the normal and the superconducting NMR responses.
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Furthermore, as noted in the introduction, Coulomb spin susceptibility enhancement effects have been shown to maintain the neutron scattering peaks at their normal state positions along the Brillouin zone edge. 6, 7 Just as in the NMR and neutron scattering studies, we treat the Coulomb interaction within an RPA approximation in which
Here, however, χ 0 (q, ω) is the spin susceptibility in the presence of impurities discussed in Sec.II. The interaction U represents a renormalized Coulomb interaction. 12 Figure 11 shows χ ′′ (q, ω) calculated for U = 2t. The Coulomb interaction enhances the normal state peak height by close to a factor of 60. This results in peak heights for the model which are of the same order of magnitude as the spin susceptibility peak heights reported by Mason and co-workers.
1,13,14
As was mentioned in Sec. II, the Coulomb interaction also gives rise to dynamic life- In order to directly compare the calculation including Coulomb enhancement effects to the experimental results we must average χ ′′ (q, ω) over a region of momentum space comparable to the experimental resolution. Figure 12 shows χ ′′ (q, ω) averaged over a region in momentum space with dimensions 0.04π by 0.12π, the larger dimension being perpendicular to the momentum scan direction. These results show some qualitative agreement with the experimental data. At the zone edge and zone diagonal the magnitude of χ ′′ (q, ω) is reduced by a factor of about one half in the superconducting state compared to the normal state.
This reduction is, however, not quite isotropic. The zone edge peak structures are noticeably narrower in the superconducting state compared to the normal state.
IV. CONCLUSIONS
We have calculated the spin susceptibility at and below T c for a model d x 2 −y 2 -wave superconductor with resonant impurity scattering and Coulomb correlations. Impurity scattering effects, including vertex corrections, act to restore the zone edge peaks in the spin susceptibility which are otherwise suppressed by a d-wave superconducting gap. The predicted amount of suppression of the spin susceptibility in the superconducting state compared to the normal state is in qualitative agreement with the experimental results in that the predicted neutron scattering intensity at the zone edge and along the diagonal is suppressed by about one half in the superconducting state compared to the normal state. The peak structure predicted by this model differs from the experimental results in that the peaks narrow appreciably at low temperatures compared to the normal state.
